Abstract. In this paper we calculate the conductor of a character that consists of the product of an additive and a multiplicative character. This computation improves the bound for exponential sums given by G. I. Perel muter. This calculation gives an easy method to compute the conductor associated to a character of the Galois group of the composite of an Artin-Schreier extension and a Kummer extension.
Introduction
Exponential sums over the projective line were studied by A. Weil as applications of his proof of the Riemann Hypothesis for function fields (see [9] ). In [1] , Bombieri showed how to extend the results of Weil to more general exponential sums (in several variables) over arbitrary algebraic curves. Mixed exponential sums are built with multiplicative and additive characters and they have appeared in the work of Perel muter ( [6, Theorem 1] ). In this paper we strengthen the estimates of Perel muter concerning such mixed exponential sums.
Let ψ be an additive character of the finite field F q and χ a multiplicative character of F × q of order n. Let X be a non-singular projective algebraic curve of genus g X and consider two rational functions f , g ∈ F q (X) which satisfy f = h p −h (resp. g = h n ) for h ∈ F q (X). These two functions define maps to the affine line f, g : X −→ A and we can construct the exponential sum S m (f, g, X) = x∈Xm χ(N (g(x)))ψ(T r(f (x))), where the sum runs over the points on X which are rational over F q m and N , T r denote the usual norm and trace from F q m to F q and the prime in the summation denotes that the poles of f , g are to be excluded. Then, the principal result of Perel muter ( [6, Theorem 1] ) is the estimate
where l is the number of poles of f , s is the number of points in the support of the divisor (g) of g and deg((f ) ∞ ) is the degree of the polar part of the divisor of f . As an application of our results we prove the following theorem.
Theorem. With notation and assumptions as above we have
where r is the number of closed points common to the support of (f ) ∞ and the divisor (g).
The proof of this result is given in section 4. The principal tool here is the calculation of the conductor given in section 3 for the composite field of an ArtinSchreier extension associated to f and a Kummer extension associated to g. In section 5 we give some examples. Section 2 is a summary of some results from ramification theory which are used throughout the paper.
Summary of results for ramification groups
In this section we review all the facts that we need in the rest of the paper. We follow the notation of Serre and the proof of all the theorems that we quote in this section can be found in [7, Chapters 5, 6] .
Let k be a complete field under the discrete valuation ord k . Let A k be the valuation ring of the field k, and M k be its maximal ideal. Let k = A k /M k . Let K be a finite Galois extension of k and let A K be the integral closure of A k in K. A K is a complete discrete valuation ring. Let ord K be the discrete valuation of K and M K be the maximal ideal of A K . Let A K /M K = K. We assume that K/k is a separable extension. Let G be the Galois group of the extension K/k. Definition 1. For an integer i ≥ −1, the i-th ramification group G i of G is defined to be
It is clear that the G i form a decreasing sequence of normal subgroups of G and there is an i 0 such that G i0 = 1. 
Theorem 2. If the characteristic of
K is p > 0, then the quotients G i /G i+1 , i ≥ 1,
Theorem 3. The integers
The two most fundamental results from ramification theory that we use in section 3 are those of Herbrand and Hasse-Arf. We now recall their statement. We define first the function ϕ. Let u ∈ [−1, ∞); then G u denotes the ramification group G i , where i is the smallest integer ≥ u.
Definition 4.
For a real number u ≥ −1 we put
.
It is clear that if
, where m is a positive integer, then
Let H be a subgroup of G and K be its corresponding field. We can now state Herbrand's theorem.
Theorem 5 (Herbrand
The proof can be found in [7, Chapter 4 .1]. Now we state Hasse-Arf's theorem.
Theorem 6 (Hasse-Arf). If G is an abelian group, and if v is a jump in the fil
The proof of Theorem 6 can be found in [7, Chapter 5.7] . The following is the definition of the Artin conductor of a character of G.
Definition 7.
Let L/K be a finite Galois extension with Galois group G and let K be a local field. Let λ be a character of G of dimension λ (1) . The conductor of λ is defined by:
where g i is the order of the i-th ramification group G i of G and
We now prove another equivalent definition of the conductor of λ when λ is a character of degree 1.
Theorem 8. Let λ be a character of degree 1 on G. Let c λ be the largest integer for which the restriction of λ to the ramification group G c λ is not the trivial character(if
Proof. As for the proof we note that if c λ ≥ i, then χ(G i ) = 0 and if c λ < i, then χ(G i ) = 1. The substitution of these values in the definition of conductor and using the definition of ϕ K/k gives
This result will be used in the next section to study the jumps in the ramification filtration for the Galois groups of composite extensions.
Ramification groups of the composite field of an Artin-Schreier and a Kummer extension
In this section, we compute the filtration of the ramification groups of the composite field of an Artin-Schreier and a Kummer extension.
Let k be a local field of characteristic p. Let K be an Artin-Schreier extension of k, i.e., K/k is a separable field of degree p. We assume that K/k is a totally ramified Artin-Schreier extension. Recall that the Galois group G(K/k) of the extension K/k is isomorphic to Z/p. We identify G(K/k) with Z/p. Let K be a Kummer extension of k of degree n, i.e., K/k is a cyclic extension of degree n where n is relatively prime to p. Note that k has to contain a primitive n-th root of unity. Recall that the Galois group G(K /k) is isomorphic to Z/n. We use this identification throughout this section. The fields K and K are linearly disjoint. We assume that the extensions K/k and K /k ramify at the same prime. Let L = KK be the composite field of K and K and let G be the Galois group of the field extension L/k. We can identify
We can identify the Galois group of the field extension L/K with 0 × Z/n and the Galois group of the field extension L/K with Z/p × 0. We can assume that K /k is totally ramified. Therefore, L/k is a totally ramified extension of degree np. 
Theorem 9. The filtration of the ramification groups of G is equal to
and
Now, we use Herbrand's theorem to obtain
We thus get l n ≤ j, and
This implies that
By the Hasse-Arf theorem
is an integer. Therefore n divide l. Hence, the first inequality of (1) becomes an equality, i.e., j = l n . If we solve for l, we get l = nj. This proves the theorem. Remark. If λ = 1 is a character of G, then
The above remark is going to be used in the proof of Lemma 11.
Applications to exponential sums
In this section we use Theorem 9 to estimate the degree of the L-function associated to a character of the composite field of an Artin-Schreier extension and a Kummer extension. The result obtained is applied to mixed exponential sums in one variable.
Let X be a complete non-singular curve of genus g X , defined over F q (q = p k ). Let k be its function field, and let kF q (X) be the function field of X considered as a curve over the algebraic closure F q of F q . Let f, g ∈ k be rational functions on X, satisfying the condition
Let K/k be the function field of the curve defined by the equation y p −y = f and K /k be the function field of the curve defined by the equation z n = g. We assume that (n, p) = 1 and F q contains a n-th root of unity. Let L be the composite field of K and K and G be its Galois group. Let Y be a smooth model for the function field L and π : Y −→ X be its corresponding covering. Let λ be a character of G. Now we define the L-function associated to the character λ of G.
Definition 10. With the above assumptions and notation, the L-function associated to λ, X is defined by
where the product is over all unramified closed points of X and F P is the Frobenius automorphism.
It is well known that L(t, Y, X, λ) is a polynomial in t of degree 2g X −2+D
, where D is the conductor of λ. By the Riemann hypothesis, the roots of L(t, Y, X, λ) have absolute value equal to q 1/2 . Let (f ) ∞ be the divisor of the poles of f on X, and write
where a i is the order of the pole of f at P i . Let (g) be the divisor corresponding to g, and write
where b i is the order of g at Q i . Let r be the number of closed points of X that (f ) ∞ and (g) have in common. Proof. We need to compute the conductor of λ. We are going to prove that
Remarks

Lemma 11. With the above notation and assumptions, we have deg(L(t, Y, X, λ))
Without loss of generality, we only need to consider in the calculation of the conductor of λ the closed points of X that appear in (g) ∪ (f ) ∞ . The question here is local, therefore we work in the completion of k. Let P be a closed point in the support of (g) ∪ (f ) ∞ (P = P i or Q j for some i and j). If P does not divide g, then P = P i for some i and the local conductor is less than or equal to a i + 1 (recall that P i is a pole of f and a i is the order of the pole P i of f on X). The local conductor is equal to a i + 1 if (a i , p) = 1. If P does not divide (f ) ∞ , then P = Q i for some i and the local conductor less than or equal to 1. The local conductor is equal to 1 if n does not divide b i . If P is a closed point of X that divides (f ) ∞ and (g), then P = P i = Q j for some i and j. By Theorem 8 and Theorem 9 the local conductor is less than or equal to a i + 1, where a i is the order of the pole of f at P i (see Remark of the previous section). The local conductor is equal to a i + 1 if (a i , p) = 1. Note that if (a i , p) = 1, the local conductor is not affected by either n divides b j or n does not divide b i . If we put together all the contributions from the closed points appearing in (f ) ∞ and (g), we get what we want. If (a i , p) = 1 for all i = 1, . . . , l and n does not divide b i for all i = 1, . . . , s,
. This proves the lemma.
The exponential sum associated to X, λ is defined as the coefficient of t in
Definition 12. With assumptions and notation as above, the exponential sum S m (X, λ) associated to X, λ is defined by
where the sum runs over the closed points of degree m in X and the prime in the summation means that the ramified points of X are excluded.
If we replace F q by F q m in Lemma 11, the degree of L(Y, X, λ) does not change and the roots of L(Y, X, λ) have absolute value q m/2 . As preparation for the statement and proof of the main result, we note the following corollary.
Corollary 11.1. With asumptions and notation as above, we have
where We can assume that λ = χψ, where ψ is an additive character of F q and χ is a multiplicative character of F × q . Let X m be the set of points of X defined over F q m . The exponential sum associated to f, g and X is defined by
where the summation is over the points of X m except the poles of f, g and T r is the trace map from F q m to F q and N is the norm map from
Note that if (a i , p) = 1 for all i = 1, . . . , l and n does not divide b i for all i = 1, . . . , s, then the covering π is ramified at all points of (g) ∪ (f ) ∞ .
We can now state the main theorem of this section.
Theorem 13. Let X be a complete non-singular curve over F q of genus g X and let f and g be two rational functions on X satisfying condition (2) and (3) . Then
Proof. If A is a set, then |A| denotes the cardinality of A. Let
Note that |A| = l 0 + s 0 − r 0 . We have
Using Corollary 11.1, we have The second inequality is strict if l 0 = 0 and s 0 = 0. This proves the theorem.
Examples
Now we discuss some examples. We need to compute S m (P 1 , f, g) for m = 1, . . . , 5. 
